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CONSTRUCTION OF A GAME’S VALUE IN CERTAIN FIXED-TIME DIFFERENTIAL GAMES

V.I. UKHOBOTOV

A procedure is given for the construction of a maximal u-stable bridge /1/ in a
fixed-time nonstationary game. A procedure is suggested for the construction of
the game's value for two classes of fixed-time games. Examples are presented.

1. Let us consider a controlled process whose equations of motion are
=—u+tv zeR veV(iH),usU(® (1.1)

A segment I = [0, p] of the real line is specified. For each f& [ the sets U (f) and V (¢) are
compacta in R"™ and are Lebesgue-measurably dependent on f on segment J /2/. A function 4 (f) >
0, summable on segment [, exists such that for each t& 7 the sets U (f) and V (f) are con-

tained in a ball of radius A4 (f) with center at the origin. A closed set X C R" and a con-
tinuous function g: X — R whose values on set X are bounded from below by a number g, are
specified.

The goal of the first player, choosing the control u, is to realize the inclusion z (p) &
X and to make the value of g (z(p))as small as possible. The second player's goal is the
opposite. The game is played with discrimination of the second player /3,4/. The method
proposed in /3/ for stationary games will be used to find the game's value.

Let a set Z C B" and the numbers 0 <{¢<{tv<p be prescribed. We denote

T T

T,‘(Z)=(Z+SU(r)dr)LSV(r)dr (1.2)

Here _* denotes the geometric difference of two sets /4/. For each e > &; we consider the
set
X =1z X:g(z) < &} (1.3)

We construct a maximal u-stable bridge /1/ W (¢, &) going onto set (1.3) at the instant p.
This means that: 1) W(p,e) = X (e); 2) T\ (W (1, e)) D W (t,¢) for all 0t ps 3) if the
point z(0)E W (0,¢), then a finite collection of numbers 0<<t1,<<...< 1, = p exists such
that

2(0) E T (T (... Tfm(X ) D)]

For each 0 <t p we set
Wit e)=T.L(X(e),... . Wri(t,e)= [ Ty (W(r, E)) (1.4)
1ST<p
As was done in /5/ for stationary games, we can show that
W (t.e)= () W*(t,¢) (1.5)
k=1

Lemma 1.1. Let numbers 0 <{t(e)<<p and k3> 1 exist such that W* (¢, e) = Wi (¢, &) for
t(e) <t<{p. Then W(t &)= W(t,e) for t(e) <<t p.

Lemma 1.2, Let the hypotheses of the preceding lemma be fulfilledwith ¢ (g) >0 and let
a sequence t; —t(e), {; < t({e), exist such that the sets WP¥ (¢;, ) are empty. Then W (t, &) =
Wk (t, e) for f(e) < t< p and the sets W (¢, &) are empty for 0t <<t (e).

These lemmas are proved with the use of equalities (1.4) and (1.5) /5/.

Let the initial value z(0) = z be prescribed. Then /3/ the value G (z) of the game be-
ing analyzed equals

G(z)=inf{e > e, :ze= W(0, )} (1.6)

The general arguments presented will be used below to find the game's value in concrete classes
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of games. We note that ancther method, based on sequential procedures of game value construc-
tion, was examined, for example, in /6—8/.

2. Let us consider the case when the constraints imposed on the cheoice of control u and
the payoff g: R"—» R have a special form, and the terminal set is X = R" The vectors z,,.
.. &, Ty from R® are specified and the first n of them are linearly independent, while the
coefficients f; in the expansion z,; = fiz; -+ ... + f,3, are negative. Nonnegative and con-
tinuous scalar functions a; (¢) (i =1,..., n -+ 1) are prescribed on segment [0, pl. Then, de-
noting the scalar product in R"™by (z, u), we take

U(t)?’—‘{uER"I(ﬁh u)<ai(t)v izlv'--) n+1) (2-1)
gz = (Jax (zi, ) (2.2)

From the constraints imposed on vectors z; it follows that g{z)» 0 for any z&= R® anda (| - |
is the vector's length)

gz >0 for |z|{>0

(2.3)
We note certain properties of polyhedrons of form (2.1). Let the numbers b&F,. . ., b,,,,l" k=1,
2, 3) be prescribed. We set
B =R (2, )<< i=1,..., n+1} (k=123 {2.4)
Lemma 2.1. Polyhedron (2.4) is not empty then and only then

¥ S k

bn+x~*2|1fibi >0 (2.5)
i=

Proof. Polyhedron (2.4) is not empty then and only then /9/ there do not exist A>0
such that Akt ntL
D hm=0 3 A=t
i=1 i=1
Substituting zpu = fit; + ... +fazn into the first equality and taking into account that the coef-
ficients f; <0 and that the vectors g4 (i=1,...,n are linearly independent, we obtain the
lemma's assertion.

Lemma 2.2. Let inequality (2.5) be fulfilled, then polyhedron (2.4) is bounded.

Proof. From inequality (2.3) it follows that ming(z) = m >0, where the minimum is taken
over all ze R™ [z}=1. For an arbitrary vector :ze BY¥ we have |:z|m <g(z) < max (5}).

Lemma 2.3. Let three not empty polyhedron (2.4) be prescribed, and let  5,% = bl + b2
for i=1,..., n+ 1. Then BS = B! | B2

Proof. The inclusion B4 B*c B* follows from the definition of the sum of sets. Let
the point ze B3, To prove the inclusion ze B!+ B® it is sufficient to find a point T e B
such that z-—-ze B Such a point re B! exists if the following system of inegualities is
consistent:
(27, 2) < b (—25, D) b2 — (2,2, i=1,. ., n+1 (2.6)

For system (2.6) to be consistent it is necessary and sufficient /9/ that there do not exist
2; >0, gy >0 such that
FR= 8 741 }
‘S_‘J Ay —p)x =0, Ex Rpt + B —p, (7, ) = —1 (2.7)
ima} ey
We take A; >0, p; >0 satisfying the first equality in (2.7) and we show that
n4-1 nd41

2 By (23, 2) < E (hip? b uib®) (2.8)
i=1

i

This proves that the second equality in (2.7) is not fulfilled. By hypothesis the point =z
satisfies the system of inequalities (s, 9y < b} -+ 52 i=1,..., n- 1. Multiplying these inequal-
ities by ;1 summing, and taking into account the first equality in (2.7), we get that in-
equality (2.8) is fulfilled if the right hand side in (2.8) is not less than even one of the
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following two numbers:
ni1 n+1
D by (B2, 2 A+ 52
i=1 i=1

It remains to show that at least one of the following inequalities is valid:

n+1 n-1

E (A—p) b1 >0, 2 B —3)52>0 (2.9)
i=1 i=1
From the first equality in (2.7), allowing for the expansion of vector as,,,, we obtain Ay —
B = (Wns1 — M) fi - We rewrite inequality (2.9) in the equivalent form

n n
(Bps — A'n+1) ( Z fibt— b:ﬂl) 20, (hpyy— By ({2'1 fibd — bfm) >0
i= <

From here and from the condition not empty (2.5) it follows that one of the inequalities in
(2.9) is wvalid.

From the lemmas we have proved it follows that for each te& [0, p] the set (2.1) is a not
empty convex compactum in R". Using Lemma 2.3 we can show that

ts t:

SU(t)dt={zeR":(z;,z)<S a‘(t)dt,i=1,...,n+1}

t1 )

(2.10)

for any 0L <tL<p.

Lemma 2.4. Let Bbe a compactum in R", while b; = max (z;, z), where the maximumis taken
over ze= B. Then B'® B = B®with the numbers b2 = b — b,.

The proof is analogous to that of Lemma 2.1 in /5/.

Let us now to construct the sets (1.2) and (l1.5) in the game at hand. From formula (2.2)
it follows that for each € > 0 the set (1.3) has the form

X ={zesR" (z;, 2) e, i=1,..., n+ 1} (2.11)
We denote
E4
by(t) =max (z, ) 0 EV (B), i ()= (0 (1) — by () dr (2.12)
v t

Then, using the two preceding lemmas and equalities (2.10), (2.11), from formulas (1.2), (1.4)
we obtain

Wi, e)={z=R": (z;, )<e +v;(t), i=1,..., n+ 1} (2.13)

We denote

t(e)=inf{t>0:s+v,.+1(t)>‘2{(a+vi(t))f‘ for t<1<p} (2.14)

Then, as follows from Lemma 2.1, the set (2.13) is not empty for all t(g) < ¢< p. Using the
same arguments as in the proof of equality (2.13), we can show that T (X (e)) = T,*(TF (X ()
for t(e) <t <1< P. Hence from (1.4) it follows that W2 (t. e) = W' {t, e)for t(e) <t p. Let
t(e) = 0. Then from Lemma 1.1 we obtain that W (t,e) = W' (t,e)for 0Lt p. If ¢t(e) >0,
then from the definition (2.14) of the number ¢ (g), equality (2.13) and Lemma 2.1 follows the
existence of the sequence of numbers ¢ — f(g),t; < ¢ (g), such that the sets W' ({;, &) are empty.
By Lemma 1.2 the set W (t, &) is empty for 0 <{t<{t(e), while for t(e) t<p it coincides
with set (2.13).

The value G (z) from (1.6) of the game being examined equals the smallest of the numbers
e >0 satisfying the following two conditions:

t(e) =0, max ((z;, 2) — v (0)) e (2.15)
1igntl

The first one of them signifies that W (0,e) = W* (0, ¢). As follows from (2.13), the second con-
dition signifies the inclusion ze& W' (0, e).

Example 2.1. The equations of motion describing the game are
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r=w, s R (g, ) < 8, i=1,..,n+1
y=v,y=s R |v|<<2

An instant p>0 is specified. The first player, choosing control w, strives to minimize the

quantity max [(z;, ¥ (p) — = (p))], where the maximum is taken over i=1,...,n-+1. We introduce new
variables: z=y—z—(p—1t)z, u= (p —t) w. We obtain the equivalent game
gz =max (z;,2), 2= —u—+vo (z, ) <<(p—1) &, |7| <A

In the present example the functions (2.12) equal

by 0y = Az | =¥ v () =27 (p — 1)2; — (p — 1) b;
We denote
n n -1 n n -1
8= (bﬂﬂ p fiéi) (1 -2 fi) v b= (bnﬂ - 2&%) (1 -2 f{)
i=1 i1 i=t i=1
Then the conditions (2.15) for finding the game's value become
e>bt— (813)/2, 0t<p
e> max ((z, 2) — (8,;p%)/2 + b)) = D (z, p)
1<i<ntt
Hence we determine the game's value
G (z) = max (® (z, p); bp — (8p)/2), p < b/
G (z) = max (@ (z, p); b3/ (28)), p > b/8

3. Let us consider the case when V (f) = a (f)S and
Uy={e R a )< (@g, ) <A4; (), i=1,..., n} (3.1)

Here z;, ..., ¥, is some basis in R", a; () {A4;(®) i =1,..., n) are continuous functions onl0, pl,
§ is a convex compactum in R", containing the origin as an interior point, and a (f) is a
continuous and nonnegative scalar function defined on [0, p]. The game's payoff is specifiedwith
the aid of the Minkowski function g (z) of set §:

g2y =inf{e >0 zSeS}=>X(e) = {2: g ()<< e} =&S (3.2)

Lemma 3.1. Let B be a closed convex set in R™ and let 8 and 8 be nonnegative numbers.

t—8S+B,e>8
B*(8—e)S, <8

Then
(eS-{—B)LGS:l

The lemma can be proved by bringing in the notion of the support function of a closed
convex set.
We denote

14
p(e)=inf{t:0<t<p,E>Sa(1:)d1: (3.3

t

Then, as follows from Lemma 3.1 and formulas (1.2), (1.4),

» P
Wl(t,e)=(s—Sa(-c)d-r)S-{—SU(r)dr, ple) <t<p (3.4)
t t
bl n(e)
Wx(t,e):(SU(t)dt)L S a(v)dtS, t<ple) (3.5)
t t
We denote B, = max (z;, s), b; = min (z;, s) (the maximum and minimum are taken over s& §) and for
0 ple)
4 p(e)
v‘(t,e)=Sai(1:)d1:—bi S a(t)dr, (3.6)
t t

P p(e)
wte)={4,(ydv— B, § a(r)dr

t

Then, as was shown in /5/, a set of form (3.5) is specified by the inequalities
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Wt (t,e)={z&R":v; (t,e) < (z;, ) py (L, 8), 0 =1,. . ., n} (3.7)
We set

t() =inf (£:0<Ct<Cple), vi(s, &)< 1 (v, 8) for tS<TCP(e) t=1,...,n} (3.8)

Then for f(e) <t < p the sets W' (i, &), and for ¢ (e) < ¢t p(e) they have the form (3.7), while
for p(e) <t p, the form (3.4). Using Lemma 3.1, as well as Lemmas 2.1 and 2.2 from /5/, we
can prove the equality W2 (t,e) = W' (t, e) for t(e) <t<p and, therefore, W (¢, e) = W' (¢, e).
If ¢(e) > 0, then, as in Sect.2, we get that the sets W (t, &) are empty for 0<t<t(e). The
game's value is found from condition (1.6).

Example 3.1. Consider Example 2.1. We shall reckon that the constraints on » are the
same, but the constraints on w and on the payoff g(z have the form
— Ly Kb (i=1,...,n), gl =2
If we denote z;=(0,...,1,...,0)0 (the one is at the i-th place), as § we take a Euclidean ball
of unit radius, and pass, as in Example 2.1, to the variable 1z, then we obtain the equivalent

game
f=—udtv ~Pp—HiKF <P —18 veis (3.9)

The number p(e)=p—¢e/h for 0e<hp and p(e) =0 for epAp. Therefore, for e>Ap the set W(U,¢)
is specified by the right-hand side of equality (3.4) with ¢t=0. If we denote Q= {z R":

1< (z,5) <1, i=1,...,n}, then, as follows from (3.9),
»
U(t)=(p—1)5Q, SU(r)d1=z—lop=Q (3.10)
t
Consequently
W (0,8 = (e —1p) § + 2-16p%Q, e > }p (3.11)

Let e < Ap. Then functions (3.6) become
pi(t, &) = —vy (£, 8) =28 (p—tP—A(p—1)+e, 0<t<p—e/h (3.12)
From (3.8) and (3.12) it follows that the condition for set W (0,e) to be nonempty or, what is
the same, the condition ¢ (e) =0 takes the form
26 — At >0, AT p (8 < Ap) (3.13)

Having studied inequality (3.13), the nonemptiness condition for set W (0,&) when e<Ap can be
written as

— 2-36p2 + Ap <e, pME (3.14)
A/(28) < e, p>Ad

Under these conditions, setting ¢=0 in (3.7) and allowing for (3.12) and the equality W (0,¢) =
W1 (0,e), we obtain
W (0,¢e) = (2-26p* — Ap 4-¢) Q (3.15)
We denote

@ (e, p) =2 —2p, f(&, p) = 27%p*, e > hp (3.16)
¢, p) =0, f(eg, p) = 278p* — Ap + &, e <Ap y

Set W (0,e) is nonempty then and only then inequalities (3.14) are fulfilled. In this case, as
follows from (3.11), (3.15) and (3.16)

WO, e)=q(E, p)S+f(p)Q (3.17)
The support function of set @ equals ||+ ...+ |¥n|. where % = (P1,...,¥s). Therefore, point :z
belongs to set (3.17) then and only then /9/
n
max <(z,'¢)—f(8, »3 Itpil)<q:(e, o) (3.18)
i=1
Here the maximum is taken over all vectors ¢ = (§, ., ., Pp) of unit Euclidean length. Therefore,

the game's value G (z) for the initial position z is determined as the smallest of numbers e> 0
satisfying inequalities (3.14) and (3.18).
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